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We present a general proof on the equivalence of the comoving-coordinate approach, where the wall is fixed
at a constant coordinate variable, and moving-wall approach, where the wall is moving in a background static
space-time, in the domain wall space-times without reflection symmetry. We further provide a general procedure
to construct the comoving coordinates in the domain wall space-times, where the two regions separated by
an infinite thin wall have different cosmological constant Λ and Schwartzschild mass M . By solving Israel’s
junction conditions in the thin-wall limit, the gravitational fields of spherical, planar and hyperbolic domain wall
space-times with M = 0 in the two different comoving coordinate systems are obtained. We finally discuss the
global structure of these domain wall space-times.
PACS numbers: 04.20.Jb, 98.80.Cq
I. INTRODUCTION
It is generally believed that phase transitions are occurred
in the early Universe, so various types of topological defects
can naturally form by Kibble mechanism [1] (see [2] for a
review). Domain walls, a particular type of the topological
defects, correspond to vacuumlike hypersurfaces interpolat-
ing between separate vacua. Beside the Kibble mechanism,
domain walls can also form as the boundary of a true vacuum
bubble created by quantum tunneling process of false vacuum
decay, i.e. bubble nucleation [3, 4], and the dynamics of bub-
bles has been studied in the framework of general relativity
[5, 6]. In the study of gravitational effects of thin walls or dy-
namics of vacuum bubbles, it is useful to apply the thin-wall
approximation, which is also considered in this paper.
In the thin-wall approximation, the wall is regarded as
an infinitely thin with δ-function singularity in the energy-
momentum tensor. The two regions V + and V − separated
by the wall may have different physical parameters, e.g.
cosmological constant {Λ+,Λ−} and Schwartzschild mass
{M+,M−}. In this paper, we denote V +(V −) for exte-
rior (interior) region to the wall and any quantity Q with
a subscript +(−) corresponds to the quantity at V +(V −).
Therefore gravitational effects of domain walls are described
by Einstein’s field equations off the wall together with Is-
rael’s junction conditions [7, 8]. As far as we know, do-
main wall solutions have been studied based on two differ-
ent approaches. The first approach, which we call moving-
wall (MW) approach, starts from exact solutions of Einstein’s
field equations off the wall in the specific coordinates, e.g.
the Schwartzschild coordinates, and then the wall’s motion in
the specific background metric is obtained by satisfying Israel
junction conditions. The second approach, i.e. comoving-
coordiantes (CC) approach, is to introduce the co-moving co-
ordinates, where the wall is placed at a particular constant co-
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ordinate variable, say z = z0, and domain wall solutions are
obtained by solving Einstein’s field equations off the wall and
Israel’s Junction conditions.
Since domain wall solutions obtained from these two ap-
proaches both satisfying Einstein’s field equations and Israel’s
junction condition, one may expect that these two different
approaches are equivalent up to a coordinate transformation.
In the study of brane cosmologies, Mukohyama et al [9] has
shown the coordinate transformation between two exact solu-
tions of brane world, which are obtained by CC approach in
Gaussian normal coordinates [10, 11] and MW approach [12],
respectively. Moreover, Bowcock et al [13] demonstrated the
equivalence of these two approaches in brane-cosmological
models with Z2 symmetry1, and then studied time evolution
of 4-dimensional brane-universe in the MW approach with-
out Z2 symmetry. However, it is still not clear to us how to
construct a comoving coordinates in domain wall space-times
without Z2 symmetry by given a trajectory of wall’s motion in
the MW approach. In this paper, we present a general proof on
the equivalence of these two approaches in the 4-dimensional
spherical, planar, and hyperbolical domain wall space-times
withoutZ2 symmetry, and then show how to construct comov-
ing coordinates in domain wall space-times having different Λ
and M on each side of the wall.
Although Einstein’s field equations and also field equations
of any classical field are general covariant according to gen-
eral principle of relativity, finding a proper coordinate system
to describe the dynamics of classical quantities and gravita-
tional fields are still important, especially when one wants
to compare the results to observations. For example, in the
post-Newtonian approximation [14–16], equations of motion
of many bodies are described in a particular coordinate sys-
tem, where one can obtain Newtonian theory of gravity in the
first-oder approximation of Einstein’s field equations. Since
the dynamics of our solar system are well described in Newto-
1 In [13], these two different approaches are called the brane-based approach
and the bulk-based approach.
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2nian gravity, it indicates that this coordinate system is a proper
choice to study our solar system. So higher-order effects of
general relativity in this coordinate system can be calculated
and compared to solar system observations. Furthermore, in
the study of quantum fields in curved space-time, the coordi-
nate choices become significant since there is no coordinate-
invariant definition of the vacuum state, i.e. the vacuum state
is coordinate-dependent [17]. Besides showing the construc-
tion of comoving coordinates in domain wall space-times, our
another motivation is to construct a proper comoving coordi-
nate system in spherical, planar, and hyperbolic domain wall
space-times, which may be useful to understand gravitational
effects of domain walls on primordial quantum fluctuations
during inflation.
From the generalized Birkhoff theorem [18–20], the exact
solutions of Einstein’s field equation with cosmological con-
stant Λ in spherically, planar, and hyperbolically symmetric
space-times can be written as
g = −U(q) dT ⊗ dT + 1
U(q)
dq ⊗ dq + q2dV2, (1)
where U(q) = k−2M/q−(Λ/3)q2, dV2 = (1−kx2)−1dx⊗
dx+x2dφ⊗dφ, and k denotes constant Gaussian curvature. It
is clear that the metric (1) is static in the certain range of coor-
dinates. In the MW approach, the metric g+ (g−) in V + (V −)
is described by U+(−), where U+(−) = k − 2M+(−)/q −
(Λ+(−)/3)q2.2 Thus the Israel’s junction conditions yield
equations of motion of domain walls, which have been stud-
ied in [5, 6], and the wall’s trajectories are described in terms
of proper-time τ . To verify the equivalence of MW and CC
approaches, we consider the wall being placed at r = r0, and
by using Einstein’s field equations, metric continuity (with re-
quiring coordinate time η on the wall being τ ), and Israel’s
junction conditions, we derive that metric at r = r0, which
is denoted by gˆ, satisfies the same equations as equations of
motion of the wall obtained in the MW approach [5, 6]. We
further find that gˆ will uniquely determine the metric in V +
and V −. It means that once the gˆ is known, we can then obtain
g+ and g−.
Since there exists a degree of freedom on gˆ due to the choice
of the time coordinate on the wall, we calculate g+ and g− in
the two different comoving coordinate systems by requiring
gˆ00 = −1 (case I) and gˆ00 = −α2/η2 (case II), where gˆ00
denotes the metric component g00 on the wall and α is a con-
stant. So case I indicates that the coordinate time on the wall
is the proper-time. Interestingly, we find that the metric solu-
tions g± in case I with M± = 0 are the same as the domain
wall solutions obtained by Cveticˇ et al [21]. In [21], they ob-
tained domain wall solutions in the comoving coordiantes by
using a metric ansatz:
g = A(z)(−dt⊗ dt+ dz ⊗ dz + S2(t) dV2). (2)
2 To concise our notation, we use subscript ± on any quantity Q to denote
Q+(Q−) in this paper.
However, we start from a general metric form in spherical,
planar, and hyperbolic symmetric space-time and it turns out
that the domain wall solutions in case I with M± = 0
agree with [21]. In our previous work [22], we obtained a
planar domain wall solution with reflection symmetry in de
Sitter space-time, and σ0 = 0 yields the well known met-
ric of steady-state Universe in the conformal time coordi-
nate. We further study its gravitational effects on primor-
dial quantum fluctuations during inflation, and found that its
gravitational fields produce a primordial dipole effects in the
power spectrum of primordial curvature perturbation [23]. It
is observed that this planar domain wall solution does satisfy
gˆ00 = −α2/η2 and the coordinate time η on the wall corre-
sponds to conformal time in de Sitter spacetime, we suggest
that the choice of gˆ00 = −α2/η2 may provide a proper coor-
dinates to investigate the gravitational effects of domain walls
in the early Universe. Since our previous domain wall solu-
tion requires plane and reflection symmetry, it is quite limited
to study of gravitational fields of realistic domain wall space-
times. For example, false vacuum decay yields two space-
time regions with different Λ separated by a spherical bubble.
In the study of case II, we generalize our previous planar do-
main wall solution to spherical, planar, and hyperbolic domain
wall space-times without reflection symmetry.
The global structure of spherical, planar and hyperbolic do-
main wall space-times has been well studied in [5, 21] (see
a review article [24] and the references in). Moreover, Ref.
[24] has pointed out that the constant-r sections of non- and
ultraextreme domain wall space-times, which correspond to
domain wall solutions in case I with H2 6= 0, all represent
(2+1)-dimensional de Sitter space-time (dS3), whose topology
is R (time) × S2 (space). It turns out that non- and ultraex-
treme planar domain wall, which is locally plane-symmetric
and geodesically incomplete, describes only a part of a spher-
ical bubble [24]. In Sec. IV, we present a coordinate trans-
formation between the domain wall solutions in case I and
solutions in case II, so topology of spherical, planar, and hy-
perbolic domain walls in case II is also R (time)× S2 (space).
Hence, one should expect that the planar domain wall solution
in case II also represents a portion of a spherical domain wall
space-time.
The plan of this paper is as follows. In Sec. II, we show
the equivalence of CC and MW approaches and also the con-
struction of comoving coordinates in domain wall space-time
with different M± and Λ±. Sec. III discuss spherical, pla-
nar, and hyperbolic domain wall solutions in two different co-
moving coordinates, i.e. case I and case II, with M± = 0.
Moreover, since the choice of gˆ00 = −α2/η2 is motivated to
study gravitational effects of domain walls on quantum fluc-
tuations during inflation, we will only discuss Λ± > 0 in case
II. In Sec. IV, the global structure of domain wall space-times
are discussed. Sec. V gives a discussion and conclusion. In
Appendix A, we present some technical materials, which is
useful for following our calculations in Sec. II and Sec. III.
We use the units ~ = c = 1, and the metric signature is
(− + ++). The Latin indices a, b, · · · are referred to coordi-
nate indices and the Greek indices α, β, γ · · · referred to or-
thonormal frame indices. g and ∇ denote metric tensor and
3Levi-Civita connection, respectively.
II. ON THE EQUIVALENCE OF
COMOVING-COORDINATE AND MOVING-WALL
APPROACHES
In the thin-wall approximation, the thickness ε of a thin
wall is taken to be zero, so the infinitely thin wall becomes a
3-dimensional timelike, null or spacelike hypersurface Σ in 4-
dimensional space-times, and its associated stress-energy ten-
sor T ab of the space-times has a δ-function singularity on Σ.
Here, we will assume Σ to be a 3-dimensional timelike hyper-
surface for our current interest. To describe the gravitational
fields of domain walls, the metric off the walls satisfies vac-
uum Einstein’s field equations with Λ
Gγ = 2Λ ∗ eγ , (3)
where Gγ = Rαβ ∧ ∗(eα ∧ eβ ∧ eγ) are Einstein’s 3-forms
andRαβ are curvature 2-forms defined in terms of Levi-Civita
connection ∇ [25]. eα are orthonormal co-frames and ∗ de-
notes the Hodge map associated with g. Moreover, by intro-
ducing the intrinsic metric hˆ of Σ 3
hˆ = gˆ − n˜⊗ n˜, (4)
where n˜ = g(n,−) is the metric dual of unit normal n of Σ,
and also the extrinsic curvature piab of Σ defined by
pˆiab =
1
2
(Lnh)ab|Σ, (5)
where Ln denotes the Lie derivative along n, and h is any
extension of h to a neighborhood of Σ, the metric on the Σ
should satisfy metric continuities, i.e. g+|Σ = g−|Σ = gˆ, and
Israel’s junction conditions
pˆiab+ − pˆiab− = −κσ
2
hˆab, (6)
where κ = 8piG and σ = constant is the surface tension of
domain walls.
In the spherical, planar, and hyperbolic symmetric space-
time, the most general metric form can be written in double
null-coordinates (u, v) as
g = e2µ(u,v)(−du⊗ dv) +B2(u, v)dV2, (7)
where dV2 = (1 − kx2)−1dx ⊗ dx + x2dφ ⊗ dφ, and con-
stant Gaussian curvature k = 1, 0,−1 corresponds to 2-
dimensional space-like spheres, planes, and hyperboloids, re-
spectively. In [22], a general non-degenerate solution of Eq.
(3) is obtained
g = 4F (v)G(u)L(B) du⊗ dv +B2dV2, (8)
3 In the following, we will putˆ on any quantity to restrict it on Σ.
with B(u, v) satisfies
dB = −L(B) (F (v) dv +G(u) du), (9)
where L(B) ≡ k − 2MB − Λ3B2. It is clear that two arbitrary
functions F (v) and G(u) are due to the freedom of choosing
double-null coordinates. Eq. (9) can be integrated to get
B(B) = F(v) + G(u), (10)
where B(B) ≡ − ∫ L−1dB, F(v) ≡ ∫ F dv, and G(u) ≡∫
G du. B(B) in some particular choices of parameters k, M ,
Λ are presented in Appendix A. If the inverse function B−1 of
B(B) exists, which may only true in certain range of B, we
then obtain B(u, v) = B−1(F + G).
To obtain the domain wall solutions in comoving coordi-
nates, it is convenient to introduce coordinate transformations
u = r + η and v = 1r−η , and the wall is placed at r = r0.
So metric g+ and g−, which correspond to r > r0 and r < r0
regions, give
g± = A±(dη ⊗ dη − dr ⊗ dr) +B2±dV2, (11)
with
dB± = −L±[( F±
(r − η)2 +G±)dη + (
−F±
(r − η)2 +G±)dr].
whereA± ≡ 4F±G± L±(r−η)2 and L± ≡ (k− 2M±B± −
Λ±
3 B
2
±). The
Israel’s junction conditions give us two equations
ζ1
1√
−Aˆ+
∂̂rA+ − ζ2 1√
−Aˆ−
∂̂rA− = −κσAˆ, (12)
ζ1
Bˆ+ ∂̂rB+√
−Aˆ+
− ζ2 Bˆ− ∂̂rB−√
−Aˆ−
= −1
2
κσBˆ2, (13)
where Aˆ and Bˆ denotes the metric components on Σ. Here,
{ζ1, ζ2} = ±1 due to the sign ambiguity of unit normal n
[21]. In the following, we will only consider ζ1 = ζ2 = 1. Be-
side Israel’s junction conditions, the metric continuities also
give two equations
˙ˆF+ ˙ˆG+ Lˆ+ = ˙ˆF− ˙ˆG−Lˆ− = Aˆ/4, (14)
B−1+ (Fˆ+ + Gˆ+) = B−1− (Fˆ− + Gˆ−) = Bˆ, (15)
where
ˆ˙F± ≡ ∂̂ηF± = Fˆ±
(r0 − η)2 =
˙ˆF±, (16)
ˆ˙G± ≡ ∂̂ηG± = Gˆ± = ˙ˆG±. (17)
It can be showed that Eq. (12) is implied by Eq. (13).
By differentiating Eq. (13) with respect to η and using Eqs
(13)-(15), one can obtain Eq. (12). So we now have three
independent equations (13)-(15) for four unknown functions,
Fˆ± and Gˆ±. Before we discuss these equations, it is useful to
define
R±(u, v) = F±(v) + G±(u), (18)
T±(u, v) = F±(v)− G±(u), (19)
4so Eqs. (13)-(15) become
Lˆ+
˙ˆ
T+ − Lˆ− ˙ˆT− = −κσ
2
Bˆ
√
−Aˆ (20)
(
˙ˆ
R 2+ − ˙ˆT 2+) Lˆ+ = ( ˙ˆR 2− − ˙ˆT 2−) Lˆ− = Aˆ, (21)
B−1+ (Rˆ+) = B−1− (Rˆ−) = Bˆ. (22)
By using Eqs. (21)-(22), one can express ˙ˆT± in terms of
˙ˆ
B
and Aˆ as
˙ˆ
T± = h±
√
(−AˆLˆ± + ˙ˆB 2)Lˆ−2± , (23)
where {h+, h−} = ±1 denotes the sign ambiguity coming
from the quadratic in ˙ˆT 2± . It is clear that Eq. (20) will be used
to determine Bˆ, so Aˆ becomes a free function. The free choice
of Aˆ comes from the freedom of choosing time coordinate on
Σ. The different choices of Aˆ correspond to different time
parametrization on Σ.
In the following, we will consider two different time
parametrization, which are Aˆ = −1 (case I) and Aˆ = −α2/η2
(case II). We first consider case I, where the coordinate time η
on Σ corresponds to proper time. So Eq. (20) becomes
h−
√
(Lˆ− +
˙ˆ
B 2)− h+
√
(Lˆ+ +
˙ˆ
B 2) =
κσ
2
Bˆ, (24)
which is a well-known equation of motion of domain walls in
the MW approach [5, 6]. The intrinsic metric gˆ obtained in
CC approach are the same as in MW approach, so it is clear
that these two approaches are equivalent. Eq. (24) can also be
written as
˙ˆ
B2 =
(Lˆ+ − Lˆ−)2
κ2σ2Bˆ2
− 1
2
(Lˆ+ + Lˆ−) +
κ2σ2
16
Bˆ2, (25)
and by substituting the definition of Lˆ± into Eq. (25) gives
˙ˆ
B2 = H2Bˆ2 − k − ∆M
Bˆ
(4(Λ− − Λ+)
3κ2σ2
− 1 + 2M−
∆M
)
+
4(∆M)2
κ2σ2Bˆ4
, (26)
where ∆M ≡M+ −M− and
H2 ≡ κ
2σ2
16
+
(Λ− − Λ+)2
9κ2σ2
+
(Λ− + Λ+)
6
. (27)
Eq. (26) has been largely studied in the dynamics of bubbles
and various exact solutions in some particular choices of pa-
rameters M± and Λ± have been obtained [5, 6] (see also [26]
and references in).
In our previous work [22], a planar domain wall solution
in de-Sitter space-time with refection symmetry is obtained,
which satisfying the choice of Aˆ = −α2/η2, and σ0 van-
ishing gives the well-known metric of steady-state Universe
in conformal time. We further use this domain solution to
study gravitational effects of planar domain walls on primor-
dial quantum fluctuations [23]. In order to generalize our pre-
vious planar domain wall solutions, we study spherical, pla-
nar, and hyperbolic domain wall space-times without reflec-
tion symmetry in case II. So Eq. (20) becomes
h−
√
(
α2Lˆ−
η2
+
˙ˆ
B 2)− h+
√
(
α2Lˆ+
η2
+
˙ˆ
B 2) =
κσ
2
αBˆ
η
(28)
and substituting the definition of Lˆ± into Eq. (28) yields
˙ˆ
B2 =
α2
η2
[
H2Bˆ2 − k − ∆M
Bˆ
(4(Λ− − Λ+)
3κ2σ2
− 1 + 2M−
∆M
)
+
4(∆M)2
κ2σ2Bˆ4
]
. (29)
Since solving Eqs. (26) or (29) only gives the metric gˆ on
Σ, we should now discuss how to obtain the 4-dimensional
metric g± in the comoving coordinates for given an exact so-
lution of Bˆ. Suppose the two functions Aˆ(η) and Bˆ(η) are
known, one can use Eqs. (22) and (23) to get Rˆ± and Tˆ±.
From Eqs. (18) and (19), we then obtain Fˆ± and Gˆ±. By not-
ing that F±(v) are functions of 1r−η and G±(u) are functions
of r + η, we learn that Fˆ±(η, r0) and Gˆ±(η, r0) are sufficient
to give F±(v) and G±(u). It is easily to see that A±(r, η)
and B±(r, η) can be derived from F±(v) and G±(u), so we
obtain domain wall solutions in the comoving coordinates. In
Sec. III, we derive A±(r, η) and B±(r, η) in the special cases
of M± = 0.
III. DOMAIN WALL SOLUTIONS IN COMOVING
COORDINATES
In this section we study domain wall solutions with M± =
0 in the comoving coordinates by choosing gˆ00 = −1 (case
I) and gˆ00 = −α2/η2 (case II). The different choices of gˆ00
correspond to different boundary conditions of A±(r, η) and
B±(r, η). In case I, we find thatA±(r, η) andB±(r, η) are the
same as the domain wall solutions obtained in [21]. In case II,
we only concentrate on Λ± > 0 and generalize our previous
planar domain wall solutions to spherical, planar and hyper-
bolic domain walls in de Sitter space-time without reflection
symmetry. When M± = 0, Eq. (20) becomes
˙ˆ
B2 = Aˆ(k −H2Bˆ2), (30)
and its exact solutions in the choice of Aˆ = −1 have been
studied in [5, 6, 26].
A. Case I: Aˆ = −1 andM± = 0
Since Eq. (30) has degenerate solutions in the case of H =
0, we shall discuss H 6= 0 and H = 0 separately. In [21],
Cveticˇ et al classified the domain wall solutions into extreme
walls (q0 = 0), non- and ultraextreme walls (q0 = β2) by the
5parameter q0. Actually, it can be showed that the parameter
H2 corresponds to q0 by rewritting Eq. (27) to
κσ = ± 2
√
H2 − Λ+
3
∓ 2
√
H2 − Λ−
3
, (31)
which is the same as Eq. (2.34) in [21].
1. H2 6= 0
The exact solutions of Eq. (30) in k = {−1, 0, 1} yield
Bˆ =

Bˆ− = 1H sinhHη,
Bˆ0 = eHη,
Bˆ+ = 1H coshHη,
(32)
where the superscripts {−, 0,+} on B and also any object in
the following refer to k = {−1, 0, 1}, respectively. Moreover,
Eq. (22) gives
Rˆ−± =
 λ
−1
± tan
−1(λ±Bˆ−), Λ± = 3λ2±,
1
H sinhHη, Λ± = 0,
λ−1± coth
−1(λ±Bˆ−), Λ± = −3λ2±,
(33)
Rˆ0± =
{ −λ−2± (Bˆ0)−1, Λ± = 3λ2±,
λ−2± (Bˆ
0)−1, Λ± = −3λ2±,
(34)
Rˆ+± =
 −λ
−1
± coth
−1(λ±Bˆ+), Λ± = 3λ2±,
− 1H coshHη, Λ± = 0,
−λ−1± tan−1(λ±Bˆ+), Λ± = −3λ2±,
(35)
where the inverse hyperbolic function coth−1(λ±Bˆ) in Eqs.
(33) and (35) is obtained by considering Bˆ > λ−1± . In the case
of Bˆ < λ−1± , we should obtain tanh
−1(λ±Bˆ).4 By solving
Eq. (21) yields
Tˆ−± =
 h±λ
−1
± tan
−1(λ±β−), Λ± = 3λ2±,
h± 1H coshHη, Λ± = 0,
−h±λ−1± coth−1(λ±β−), Λ± = −3λ2±,
(36)
Tˆ 0± =
{ −h±λ−2± (β0)−1, Λ± = 3λ2±,
h±λ−2± (β
0)−1, Λ± = −3λ2±,
(37)
Tˆ+± =
 −h±λ
−1
± coth
−1(λ±β+), Λ± = 3λ2±,
h± 1H sinhHη, Λ± = 0,
h±λ−1± tan
−1(λ±β+), Λ± = −3λ2±,
(38)
where 
β− =
√
(H2 − Λ±/3)−1 coshHη,
β0 = H
√
(H2 − Λ±/3)−1 eHη,
β+ =
√
(H2 − Λ±/3)−1 sinhHη,
(39)
4 In the situation of Bˆ < λ−1± , one should use tanh
−1(λ±Bˆ) and it turns
out that the domain wall solutions A±(r, η) and B±(r, η) also yield Eqs.
(46)-(51). So these solutions are valid for both Bˆ > λ−1± and Bˆ < λ
−1
±
with H2 > λ2±.
5 Substituting Eqs. (33)-(38) into Eqs. (18)-
(19), and noting thatF(v) and G(u) are functions of 1/(r−η)
and r + η, respectively, we can obtain F(v) and G(u). Since
the calculations are straightforward and similar for Λ± > 0
and Λ± < 0, we will only present the results for Λ± > 0 with
h± = 1, which yields
F−± =
{
1
2λ±
tan−1{ 1
sinh(γ±+H( 1v−r0))
}, Λ± > 0,
1
2H e
−H( 1v−r0), Λ± = 0,
(40)
F0± =
{
− 12Hλ± e−(Hr0−γ±) eH/v, Λ± > 0, (41)
F+± =
{ − coth−1{cosh(γ±+H( 1v−r0))}
2λ±
, Λ± > 0,
− 12H eH(
1
v−r0), Λ± = 0,
(42)
and
G−± =
{ − 12λ± tan−1{ 1sinh(γ±+H(u−r0))}, Λ± > 0,
− 12H e−H(u−r0), Λ± = 0,
(43)
G0± =
{
− 12Hλ± e(Hr0−γ±) e−Hu, Λ± > 0, (44)
G+± =
{
− coth−1{cosh(γ±+H(u−r0))}2λ± , Λ± > 0,
− 12H eH(u−r0), Λ± = 0,
(45)
where
γ± = ln{λ−1± H +
√
−1 +H2/λ2±} = cosh−1(
√
H2/λ2±).
The formula tan−1 x ± tan−1 y = tan−1( x±y1∓xy ) and
coth−1 x±coth−1 y = coth−1(xy±1y±x ) have been used to cal-
culate F±(v) and G±(u).
Since F±(v) and G±(u) are obtained, one can direct calcu-
late B±(r, η) and A±(r, η) to get
B−± =
{
sinhHη
λ± cosh{γ±+H(r−r0)} , Λ± > 0,
1
H e
−H(r−r0) sinhHη, Λ± = 0,
(46)
B0± =
{
HeHη
λ± cosh{H(r−r0)+γ±} , Λ± > 0, (47)
B+± =
{
coshHη
λ± cosh{γ±+H(r−r0)} , Λ± > 0,
1
H e
H(r−r0) coshHη, Λ± = 0,
(48)
and
A−± =
{
− H2
λ2±[cosh{γ±+H(r−r0)}]2 , Λ± > 0,
−e−2H(r−r0), Λ± = 0,
(49)
A0± =
{
− H2
λ2±[cosh{H(r−r0)+γ±}]2 , Λ± > 0, (50)
A+± =
{
− H2
λ2±[cosh{γ±+H(r−r0)}]2 , Λ± > 0,
−e2H(r−r0), Λ± = 0,
(51)
5 In the case of H2 = λ2±, Tˆ± becomes constants and the solutions of
A±(r, η) and B±(r, η) correspond to γ± = 0 in Eqs. (46)-(51).
6which agree with the results for q0 = β2 in [21].6 It is not
difficult to verify that the domain wall solutions for Λ± < 0
are also equivalent to Cveticˇ et al’s results [21]. When 3H2 =
Λ+ = Λ− > 0, Eq. (31) yields σ = 0, which means no
domain wall in the space-times. So it corresponds to γ+ =
γ− = 0 in the solutions (46)-(51).
2. H=0
In the case of H = 0, which corresponds to extreme walls
in [21], the exact solutions of Eq. (30) give
Bˆ =
{
Bˆ− = η,
Bˆ0 = 1,
(52)
where no real solution exists in k = 1. Since the following
calculations to obtain F± and G± are similar to the calcula-
tions in the previous subsection III A 1, we directly present
the final results of F± and G± with h± = 1, which yield
F−± =
{ 1
2λ±
ln{r0 + λ± − 1v}, Λ± = −3λ2±,
1
2 (b± + r0 − 1v ), Λ± = 0,
(53)
F0± =
{
1
2 (λ
−2
± + λ
−1
± r0 − 1λ±v ), Λ± = −3λ2±, (54)
and
G−± =
{ − 12λ± ln{u− r0 − λ±}, Λ± = −3λ2±,
1
2 (−b± − r0 + u), Λ± = 0,
(55)
G0± =
{
1
2 (λ
−2
± + λ
−1
± r0 − uλ± ), Λ± = −3λ2±, (56)
where b± are constants and no real solution exists for Λ± > 0.
From Eqs. (57)-(60), one can directly calculate B±(r, η) and
A±(r, η) to obtain
B−± =
{ −η
λ±(r−r0)−1 , Λ± = −3λ2±,
η, Λ± = 0,
(57)
B0± =
{
−1
λ±(r−r0)−1 , Λ± = −3λ2±, (58)
and
A−± =
{ − 1(λ±(r−r0)−1)2 , Λ± = −3λ2±,
−1, Λ± = 0, (59)
A0± =
{
− 1(λ±(r−r0)−1)2 . Λ± = −3λ2±, (60)
which corresponds to extreme wall solutions (q0 = 0) in [21].
So domain wall solutions in case I yield the same solutions
as in [21]. It indicates that one can transform domain wall
solutions in static background metric to Cveticˇ et al’s domain
wall solutions [21] by coordinate transformations.
6 We should point out that the γ± appeared in hyperbolic cosine are differ-
ent from the integration constant βz′′ in [21] due to different process of
normalization.
B. Case II: Aˆ = −α2/η2 andM± = 0
In our previous work [22], we obtained a planar domain
wall solution with reflection symmetry in de Sitter space-time,
where Aˆ = −α2/η2, and then study its gravitational effects
on primordial quantum fluctuations during inflation [23]. In
case II, we generalize our previous planar domain wall solu-
tion to spherical, planar, and hyperbolic domain walls without
reflection symmetry. In the choice of Aˆ = −α2/η2, Eq. (30)
becomes
˙ˆ
B2 = −α
2
η2
(k −H2Bˆ2). (61)
and exact solutions of Eq. (61) yield
Bˆ =

Bˆ− = η2H − 12ηH ,
Bˆ0 = − 1η ,
Bˆ+ = η2H +
1
2ηH ,
(62)
where we have set α2 = 1/H2. One may notice that the coor-
dinate time η is related to proper time τ on Σ by η = −e−Hτ ,
where Eq. (62) becomes Eq. (32) (up to a sign choice). So η
may be considered as conformal time in de Sitter space-time.
In the following, we only discuss Λ± > 0 and H2 6= 0.
From Eq. (22) we obtain
Rˆ =

Rˆ−± = λ
−1
± tan
−1(λ±Bˆ−),
Rˆ0± = −λ−2± (Bˆ0)−1,
Rˆ+± = −λ−1± coth−1(λ±Bˆ+),
(63)
and then solving Eq. (21) gives
Tˆ =

Tˆ−± = −λ−1± tan−1{λ±µ±( ηH − Bˆ−)},
Tˆ 0± = h±λ
−2
± (µ±Bˆ
0)−1,
Tˆ+± = λ
−1
± coth
−1{λ±µ±( ηH − Bˆ+},
(64)
where µ± =
√
(1− λ2±/H2)−1 and h± = 1 are chosen in
the case of spherical and hyperbolic walls.
A tedious but straightforward calculation of F(v) and G(u)
gives
F± =

F−± = 12λ± tan−1{ 2eγ± ( 1v−r0)−e−γ± ( 1v−r0)−1 },
F0± = − 12λ±H e{h±γ±}( 1v − r0),
F+± = 12λ± coth
−1{ e
−γ± ( 1v−r0)−1+eγ± ( 1v−r0)
2 },
(65)
and
G± =

G−± = − 12λ± tan−1{ 2e−γ± (u−r0)−eγ± ( 1u−r0 )},
G0± = 12λ±H e{−h±γ±}(u− r0),
G+± = − 12λ± coth
−1{ e
γ± ( 1u−r0 )+e
−γ± (u−r0)
2 }.
(66)
So one can then calculate A(r, η) and B(r, η) to get
B± =

B−± =
η2−(r−r0)2−1
2{Hη−
√
H2−λ2± (r−r0)}
,
B0± =
−H
Hη−h±
√
(H2−λ2±) (r−r0)
,
B+± =
η2−(r−r0)2+1
2{Hη−
√
H2−λ2± (r−r0)}
,
(67)
7and
A± =

A−± = − 1(Hη−√H2−λ2± (r−r0))2 ,
A0± = − 1(Hη−h±√(H2−λ2±) (r−r0))2 ,
A+± = − 1(Hη−√H2−λ2± (r−r0))2 .
(68)
Eqs. (67) and (68) are the metric solutions of spherical, planar,
hyperbolic domain walls in de Sitter space-times. In the case
of h− = −h+ = 1 and Λ− = Λ+, the solutions B0±(r, η) and
A0±(r, η) do return to our previous planar domain wall solu-
tion [22]. It is clear that planar domain wall space-times with
different positive Λ on each side of the wall are conformally
flat, and when σ = 0, which corresponds to H2 = λ2+ = λ
2
−,
B0±(r, η) and A
0
±(r, η) become the metric for describing in-
flationary Universe in the conformal time coordinate [17, 27].
Since quantum fluctuations during inflation [27–29] and the
well-known definition of the vacuum state, i.e. Bunch-Davies
vacuum [30], are described in background metric B0±(r, η)
and A0±(r, η) with σ = 0, it suggests that this co-moving
coordinates in case II is a proper coordinate choice to study
gravitational effects of domain walls during inflation. In [23],
we study quantum fluctuations of a scalar field in background
planar domain wall metric, B0±(r, η) and A
0
±(r, η), with re-
flection symmetry, and it yields that gravitational effects of
planar domain wall will cause a primordial dipole in the power
spectrum of primordial curvature perturbations. In the spher-
ical domain wall solution, i.e. B+±(r, η) and A
+
±(r, η), one
may define a local neighborhoodNp by restricting coordinates
{η, r, x, φ} to the range η2 − (r − r0)2  1 and x  1, so
gravitational fields of spherical domain walls in Np can well
approximate as the planar domain wall metric, i.e. B0±(r, η)
and A0±(r, η).
The global structure of domain wall space-times in case I
have been well studied in [5, 21, 24]. In Sec. IV, we will first
present coordinate transformations between the domain wall
solutions Eqs. (46)-(51) in case I and the solutions Eqs. (67)-
(68) in case II, and then study the global structure of domain
wall space-times of case II.
IV. GLOBAL STRUCTURE OF DOMAIN WALL
SPACE-TIMES
The global structure of spherical, planar and hyperbolic do-
main walls has been largely discussed in [5, 21] (see the re-
view article [24] and the references in). Ref. [24] has pointed
out that the constant-r sections of domain wall solutions in
case I with H2 6= 0, i.e. Eqs. (46)-(51), all represent (2+1)-
dimensional de Sitter space-time (dS3), whose topology is R
(time)× S2 (space). It turns out that planar domain wall solu-
tion, i.e. Eqs. (47) and (50), which is locally plane-symmetric
and geodesically incomplete, describes only a part of a spher-
ical bubble [24]. Since the metric of spherical domain wall
solution, Eqs. (48) and (51), internal to the wall is geodesi-
cally complete, Ref. [21] study geodesic extension of spheri-
cally non- and ultraextreme domain wall space-time with non-
positive Λ± in (η, r) directions.
It is useful to study global and casual structure of space-
times by using conforaml diagram [31, 32], which compact-
ify space-time infinity into finite region. To study the global
structure of domain wall solution in case II, we first present
the coordinate transformation between the domain wall solu-
tions in case I and case II. By performing the following coor-
dinate transformations
η = − cosh{H(r′ − r′0)}e−Ht,
r − r0 = sinh{H(r′ − r′0)}e−Ht, (69)
on domain wall metric in case II, we then obtain ds2± =
H2
λ2±[cosh{γ±+H(r′−r′0)}]2 (−dt
2 + dr′2 + [ sinhHtH ]
2dH22 )
H2
λ2±[cosh{γ±+H(r′−r′0)}]2 (−dt
2 + dr′2 + e2HtdX22 ),
H2
λ2±[cosh{γ±+H(r′−r′0)}]2 (−dt
2 + dr′2 + [ coshHtH ]
2dΩ22),
(70)
which correspond to non- and ultraextreme domain wall so-
lutions in case I. Here, dH22 , dX
2
2 and dΩ
2
2 denote the line
element of two-dimensional hyperboloid, plane, and sphere
respectively. From the coordinate transformations (69), it is
clear that both {η, r, x, φ} and {t, r′, x, φ} are comoving co-
ordinates with the wall sitting at r = r0 and r′ = r′0, re-
spectively. Moreover, Eq. (69) restrict the η-coordinate range
to η 6 0, so the future infinity (t = ∞) and past infinity
(t = −∞) in the conformal diagram of case I domain wall
solutions (H2 6= 0) corresponds to η = 0 and η = −∞. The
geodesic extensions of the comoving coordinate patch have
been present in [21, 24]. By transforming the domain wall
solutions in case II to Eq. (70), we realize that the topology
of spherical, planar, and hyperbolic domain walls in case II is
also R (time) × S2 (space).
V. DISCUSSION
We have present a proof on the equivalence of the CC ap-
proach and MW approach, and shown how to construct a
comoving coordinate by knowing the trajectories of domain
walls in the MW approach. The spherical, planar and hy-
perbolic domain wall solutions with M± = 0 are obtained
in two different comoving coordinates, which are referred to
case I and case II. The case I domain wall solutions yield the
same solutions obtained in [21]. Refs. [21, 24] studied the
global and casual structure of case I domain wall solutions.
As pointed out in [21], one can observe that constant-r sec-
tions of spherical, planar and hyperbolic domain wall solu-
tions with H2 6= 0 in case I represent (2+1)-dimensional de
Sitter space-time dS3. Since it is not clear to us whether spher-
ical, plane and hyperbolic domain walls in case II also repre-
sent dS3, we find the coordinate transformation between case
I and case II domain wall solutions with H2 6= 0. Hence, one
can understand that the planar domain wall solution in case
II represents a portion of a spherical domain wall space-time.
From the coordinate transformation Eq. (69), we also learn
the future infinity (t = ∞) and past infinity (t = −∞) in the
conformal diagram of case I domain wall solutions (H2 6= 0)
8corresponds to η = 0 and η = −∞ in the case II domain wall
solutions.
In [22], we obtain a planar domain wall solution, which is
conformally flat. When σ = 0, the planar domain wall met-
ric returns to the well-known metric of steady state Universe,
which has been used to study quantum fluctuations during in-
flation, in conformal time coordinate. So we studied quantum
fluctuations of a scalar field in the planar domain wall space-
time and find the gravitational effects of the planar domain
wall on power spectrum of primordial curvature perturbation
[23]. However, the planar domain wall solution requires plane
and reflection symmetry, which is quite limited in the study of
gravitational fields of realistic domain wall space-times. For
example, false vacuum decay yields two space-time regions
with different Λ separated by a spherical bubble. So the case
II domain wall solutions, i.e. Eqs. (67)-(68), generalized our
previous planar domain wall solution [22] to spherical, pla-
nar and hyperbolic domain walls without refection symmetry.
These solutions will be useful for further investigation on pri-
mordial quantum fluctuation of scalar fields during inflation.
In this paper, we only discuss domain wall solutions in the
case of M± = 0. There are various interesting physical prob-
lems, which may need to consider M± 6= 0. For example, in
the study the evolution of remnants of the false vacuum sur-
rounded by the true vacuum [5], one should considerM+ 6= 0.
So finding domain wall solutions in the comoving coordinates
with M± 6= 0 may also be useful for studying some physical
problems and their associated global structure of space-times.
This will be considered as our future works.
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Appendix A: Integral form of B(B)
Since the calculations of domain wall solutions in Sec. II
and Sec. III involve integral function B, which is
B(B±) =
∫
dB±
−k + 2M±B± +
Λ±
3 B
2±
, (A1)
we present the integration of Eq. (A1) here. In the following,
we omit the subscript ± for simplification. To integrate Eq.
(A1) in the case of k = 1 and {M,Λ} > 0, we should first
study the cubic equations B3 − 3ΛB + 6MΛ = 0, and if deter-
minant D = − 1Λ3 + 9M
2
Λ2 < 0, there are three distinct real
roots (2 positive and 1 negative roots)
b1 = 2
√
1
Λ
cos
φ
3
, b2,3 = −2
√
1
Λ
cos
φ± pi
3
, (A2)
where φ = arccos{−3M√Λ}. Integrating Eq. (A1) yields
B(B) =

3 ln{(B−b++)µ(B−b+)ν(B−b−)ρ}
Λ , B > b++,
3 ln{(b++−B)µ(B−b+)ν(B−b−)ρ}
Λ , b++ > B > b+,
3 ln{(b++−B)µ(b+−B)ν(B−b−)ρ}
Λ , b+ > B,
(A3)
with µ, ν and ρ satisfying
µ
(B − b++) +
ν
(B − b+) +
ρ
(B − b−) =
B
B3 − 3ΛB + 6MΛ
,
where b++ denotes the larger positive root and b− denotes the
negative root. From Eq. (A3), we learn that one coordinate
chart can only cover eitherB > b+ orB < b+, so one need to
introduce separate coordinate charts to cover the whole range
of B.
In the case of M = 0 and k = 1, the integration of Eq.
(A1) gives
B(B) =
{ −λ−1 coth−1(λB), B > λ−1,
−λ−1 tanh−1(λB), B < λ−1, (A4)
for Λ = 3λ2, and
B(B) = −λ−1 tan−1(λB), (A5)
for Λ = −3λ2. Similarly, in the case of M = 0 and k = −1,
we obtain
B(B) = λ−1 tan−1(λB), (A6)
for Λ = 3λ2 and
B(B) =
{
λ−1 coth−1(λB), B > λ−1,
λ−1 tanh−1(λB), B < λ−1,
(A7)
for Λ = −3λ2. Finally, the case of M = k = 0 yields
B(B) = − 3
Λ
B−1. (A8)
Eqs. (A4)-(A8) will be used to calculate A±(r, η) and
B±(r, η) in Sec. III, and it is not difficult to verify that A±
and B± yield the same results in the calculation of B > λ−1
and B < λ−1
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